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Abstract. Recently, there has been an increasing interest in the study of 
hypercomplex signals and their Fourier transforms. This paper aims to study 
such integral transforms from general principles, using 4 different yet equivalent 
definitions of the classical Fourier transform. This is applied to the so-called 
Clifford- Fourier transform (see [F. Brackx et al., The Clifford- Fourier trans- 
form. J. Fourier Anal. Appl. 11 (2005), 669-681]). The integral kernel of this 
transform is a particular solution of a system of PDEs in a Clifford algebra, but 
is, contrary to the classical Fourier transform, not the unique solution. Here 
we determine an entire class of solutions of this system of PDEs, under certain 
constraints. For each solution, series expressions in terms of Gegenbauer poly- 
nomials and Bessel functions are obtained. This allows to compute explicitly 
the eigenvalues of the associated integral transforms. In the even-dimensional 
case, this also yields the inverse transform for each of the solutions. Finally, 
several properties of the entire class of solutions are proven. 



1. Introduction 

The last decades, there has been an increasing interest in the theory of hypercom- 
plex signals (i.e. functions taking values in a Clifford algebra) and the possibility 
of defining and using Fourier transforms that interact with the Clifford algebra 
structure. This has been investigated from a practical engineering point of view 
(see e.g. [51 HH [13 [HI [H]) but also from a purely mathematical point of view 
(see e.g. [131 [531 [IS [25]) using the function theory of Clifford analysis established 
in the books [H [12]. For more references, we refer the reader to the reviewpaper 
[5]. Also in applications, there is an increasing interest in having available a good 
hypercomplex Fourier transform (e.g. in CIS research, see jSljl. 

There are several drawbacks to most of the kernels proposed so far in the litera- 
ture. First, several authors work only in low dimensions (dimension 3 or 4, enabling 
them to use quaternions instead of a full Clifford algebra) which is usually because 
they have a specific application in mind in these dimensions. Second, and more 
importantly, most authors use ad hoc formulations for the kernel function of their 
transforms: they propose very specific kernels, where e.g. the complex unit / is 
replaced by a generator of the Clifford algebra. Once the kernel is defined, they 
study in detail all the properties of the related transform. From our perspective, one 
should work the other way round, namely start from a list of properties or general 
mathematical principles one wants the transform to satisfy, and then determine all 
kernels that satisfy these properties. 
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For that reason, the main aim of this paper is twofold. First of all, we want to use 
general ideas on Fourier transforms borrowed from other fields of mathematics (in 
casu the theory of Dunkl operators (see [13]) and double affine Hecke algebras, the 
theory of minimal representations) to give a more structural approach to the study 
of hypercomplex Fourier kernels. We do this by formulating 4 different possible 
definitions of the classical Fourier transform, and by generalizing these definitions 
to the Clifford analysis context. 

Secondly, we want to apply these ideas to the so-called Clifford-Fourier transform 
(introduced in [5^). This transform was already based on a Lie algebraic approach 
to the classical Fourier transform, although until recently (see [10]) its kernel was 
not known in closed form. However, studying this transform using the 4 different 
definitions mentioned above provides much more insight in this specific transform, 
and allows us to expand it to a whole class of transforms, all of which will satisfy 
similar properties (see section [Bj). 

Let us now first give 4 different definitions of the classical Fourier transform, 
after which we discuss where they appear in the literature (in different fields of 
mathematics) and what their implications are. 

The classical Fourier transform in R™ can be defined in many ways. In its most 
basic formulation, it is given by the integral transform 

Fi m{y) = j^ /^^ e^^<^-) /(.) dy(.) 

with I the complex unit, {x,y) the standard inner product and dV{x) the Lebesgue 
measure on M™. Alternatively, one can rewrite the transform as 

miy) = j^^ Kix,y) fix) dVix) 

where K{x, y) is, up to a multiplicative constant, the unique solution of the system 
of PDEs 

dy,K{x,y) = -IxjK{x,y), j = 1, . . . ,m. 
Yet another formulation is given by 

F3 J- = e^eT(A-y^) 

with A the Laplacian in R™. This expression connects the Fourier transform with 
the Lie algebra SI2 generated by A and \x\'^ and with the theory of the quantum 
harmonic oscillator. Finally, the kernel can also be expressed as an infinite series 
in terms of special functions as (see f32| Section 11.5]) 

00 

F4 K{x,y) = 2^r(A) ^(fc + X)i-I)'{\x\\y\)-^Jk+x{\x\\y\) C^mv)), 
k=a 

where ^ — x/\x\, rj — y/\y\ and X — (m — 2)/2. Here, Ji, is the Bessel function and 
Cj^ the Gegenbauer polynomial. 

Each formulation has its specific advantages and uses. The classical formulation 
Fl allows to immediately compute a bound of the kernel and is hence ideal to study 
the transform on Li spaces or more general function spaces. 

Formulation F2 yields the calculus properties of the transform, and allows to 
generalize the transform to e.g. the so-called Dunkl transform (see [H]). This 
formulation (defining the kernel as the solution of an eigenvalue problem) is also 
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frequently used in the context of double affine Hecke algebras (see e.g. [9l[29]), an 
algebraic generalization of Dunkl operators. 

Formulation F3 emphasizes the structural (Lie algebraic) properties of the Fourier 
transform and also allows to compute its eigenfunctions and spectrum. This formu- 
lation stems from representation theory (see |191 120) ) and has been used in recent 
work on minimal representations (see \21\ I22j and further generalizations in [T). 

Finally, F4 connects the Fourier transform with the theory of special functions, 
and is the ideal formulation to obtain e.g. the Bochner identities (which are a 
special case of the subsequent Proposition 13. ip . Similar series representations have 
also been used in the context of Dunkl operators and have applications in the study 
of generalized translation operators (see e.g. [27l ITO]). 

In [3j, F3 was adapted to the case of functions taking values in the Clifford 
algebra Clo,m to define a couple of Fourier transforms in Clifford analysis by 

with 2r — {dxX — xdx) + m. Here, dx is the Dirac operator and x the vector variable. 
The exponential now contains the generators of the Lie superalgebra osp(l|2). For 
several years, the problem remained open to write this Clifford-Fourier transform 
as an integral transform and to determine explicitly its kernel. A breakthrough 
was obtained in |10j . where the kernel was determined in all even dimensions, and 
the problem for odd dimensions was reduced to dimension 3 (where an integral 
representation of the kernel was obtained). 

As a by-product, it was also obtained that the kernel K^{x,y) of the integral 
transform 7^+ satisfies a system of PDEs, namely 

dy[K+{x,y)] = i-ir {K+{x,-y)y x 

[K+{x,y)]dx = i-ir V {K+ix, -y))^ 

where c denotes the complex conjugation. 

The main aim of this paper is to study this system of PDEs. We will show 
that, contrary to the classical formulation F2, this system does not have a unique 
solution, but instead m—1 linearly independent solutions K'^ „ (when we restrict to 
a special subclass of solutions satisfying nice symmetries). Each of these solutions 
gives rise to an associated integral transform 

n.™ [/(£)] (y) = 7:7471 / K,mi2i,y) fin) dvix) 

and we study each of these transforms in-depth. In particular, we determine series 
representations of the form F4 for all relevant solutions of (jl.ip . This in turn allows 
us to obtain the spectrum for the associated integral transforms and allows us to 
prove the surprising fact that in case of m even 

In other words, for m even we find a complete class of integral transforms, where 
the inverse of each element is again an element of the class. We also obtain bounds 
on the kernels K'^ ^, which allows us to define the broadest function space on which 
the associated transform is defined (compare with Fl). Finally, we prove several 
important properties for all the kernels obtained. 

One of the strengths of our results is that for the kernels obtained in this paper, 
we obtain always both the F4 and Fl formulation. This is much more than in. 
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say, the Dunkl case, where for ahiiost all finite reflection groups the formulation 
Fl is missing and one has to use different and complicated techniques to prove e.g. 
boundedness of the transform. 

The paper is organized as follows. In section[2]we repeat basic notions of Clifford 
algebras and related differential operators. We give the explicit expression of the 
kernel of the Clifford-Fourier transform and of the Fourier-Bessel transform. In 
section |3] we prove some general statements for kernels expressed as series of prod- 
ucts of Gegenbauer polynomials and Bessel functions. In section 0] we study the 
Clifford-Fourier system in even dimension. We determine an interesting class 
of solutions, find recursion relations between these solutions and obtain series ex- 
pansions. We also determine the eigenvalues for each solution. In section[5]we treat 
the case of odd dimension. We omit most proofs in this section, because they are 
similar as in the even dimensional case. Nevertheless, this case has to be considered 
separately, because the solutions will now be complex instead of real. Finally, in 
section |6l we collect some important properties of the new class of Clifford- Fourier 
transforms and prove the important fact that in the even dimensional case also the 
inverse of each transform is again an element of the same class. 

2. Preliminaries 

2.1. Clifford analysis and special functions. Clifford analysis (see e.g. [12]) is a 

theory that offers a natural generalization of complex analysis to higher dimensions. 
To M™, the Euclidean space in m dimensions, we first associate the Clifford algebra 
C/o,m, generated by the canonical basis e^, i — 1, . . . ,m. These generators satisfy 
the multiplication rules etCj + ejCi = —2dij. 

The Clifford algebra Clo,m can be decomposed as Clo,m = ®T=o^^o m '^i^^ CZq „ 
the space of fc-vectors defined by 

C^o.m = span{eii...i^, = . . . e^^ , ii < . . . < ik}- 

More precisely, we have that the space of 1-vectors is given by CZq ^ — spanjci, i = 
1, . . . ,m} and it is obvious that this space is isomorphic with M™. The space of 
so-called bivectors is given explicitly by CZp,™ = spanjei^- = eiCj^i < j}. 

We identify the point (xi, . . . ,Xm) in K.™ with the vector variable x given by 
X = -^j^j- The Clifford product of two vectors splits into a scalar part and a 

bivector part: 

xy — x.y + xAy, 

with 

ni ^ 

X.y = -{x,y) = - ^ Xjyj = -{xy + yx) 

and 

^ A y = ^ ejk{xjyk - Xkyj) ^ -{xy- yx). 
j<k 

It is interesting to note that the square of a vector variable x is scalar- valued and 
equals the norm squared up to a minus sign: x^ = — (x, x) — — Similarly, we 
introduce a first order vector differential operator by 

m 
J = l 
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This operator is the so-called Dirac operator. Its square equals, up to a minus sign, 
the Laplace operator in R"': — — A. A function / defined in some open domain 

C with values in the Clifford algebra CZq,™ is called monogenic if dx{f) — 0. 

Another important operator in Clifford analysis is the so-called Gamma operator, 
defined by 

j<k 

This operator is bivector-valued. 

A basis {ipj^k.i} for the space 5(K'") (E)Clo,m, where denotes the Schwartz 

space, is given by (see [5S]) 



(2.1) 



i^2j+i,kA3L) Lf +"{1x1') X Mjf\x) e-\^" l\ 



where J, k gN, L" are the Laguerre polynomials and {Mjf^}, {£ = 1,2,..., dim(A^fe)) 
is a basis for the space Mk- Mk is the space of spherical monogenics of degree fc, 
i.e. homogeneous polynomial null-solutions of the Dirac operator of degree k. 

In the sequel we will frequently need the following well-known properties of 
Gegenbauer polynomials (see e.g. [50]): 

(2.2) ^ C^M = C^n'^w) - Cltliw) 
and 

(2.3) w Cll\{w) = C^^'iw) + -^±^ C^llliw), 

2{n + A) 2{n + A) 

as well as the Bessel function identity 

(2.4) JAz) - ^ {Ju+i{z) + Ju-i{z)) ■ 

2.2. The ClifTord-Fourier transform. Several attempts have been made to in- 
troduce a generalization of the classical Fourier transform Fl to the setting of 
Clifford analysis (see the introduction and [5] for a review). We will concentrate on 
the so-called Clifford-Fourier transform introduced in [5] by an operator exponen- 
tial, similar as the F3 representation of the classical Fourier transform: 

This Fourier type transform can equivalently be written as an integral transform 

-^±[/Ky) - J^^^ K±{x,y) fix) dV{x), 

where the kernel function K±{x_,y) is given by the operator exponential e^^^^ 
acting on the classical Fourier kernel, i.e. 

(2.5) K±{x,v) = e^'^^y- (e-^<^'2^>) . 

Similar to the classical case, the Clifford- Fourier transform satisfies some calculus 
rules, which translates to the following system of equations satisfied by the kernel: 

dy[K^ (£, y)]=T {±ir K± (£, y) X 

^ ■ ' [K±{x,y)]dx = ±(T/)" y K^{x,y), 
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where 

m 

[K±{x,y)]d^ = ^ {dxiK±{x,y)) 

i=l 

denotes the action of the Dirac operator on the right. The system of PDEs (|2.6p 
should be compared with the formulation F2 of the classical Fourier transform. 

Explicit computation of (|2.5|) is a hard problem. Until recently, the Clifford- 
Fourier kernel was known explicitly only in the case m = 2 (see (J); for higher even 
dimensions, a complicated iterative procedure for constructing the kernel was given 
in [7], which could only be used practically in low dimensions. A breakthrough 
was obtained in [lOj . In this paper it is found that for m even the kernel can be 
expressed as follows in terms of a finite sum of Bessel functions: 

1/2 

(2.7) iC+(ai,y)=(|) {A{.s,t) + Bis,t) + (xA y) Cis,t)) 

with 

L ~ ~ i J -I -p ( rn\ 

A{s,t)^ 2^ s 2^ r(f -2^-1) 

C{s,t)=- gm/2-1-2^ _ ^ 2^ J(m-2e-l)/2{t). 

Here [£J denotes the largest n G N which satisfies n < £ and the notations s = {x, y) , 

t = \xAy\ — y'isplj/p — {x, y)^ and Ja{t) = t~°'Jait) are used. Moreover, it is 
shown that 

(2.9) K+{x,y)={K^{x,~y)y 

holds and also that in the case m even, (x, y) is real- valued, hence in this case 
the complex conjugation in the above relation can be omitted. Note that the 
Clifford-Fourier kernel is parabivector- valued, i.e. it takes the form of a scalar plus 
a bivector. 

For m odd, the question of determining the kernel explicitly was reduced to the 
case of m = 3. There, a more or less complicated integral expression of the kernel 
was obtained (see [ini Lemma 4.5]). A simple expression as in formula (|2.8|) is not 
known in this case. 

Finally, let us mention the action of the Clifford-Fourier transform on the basis 
elements (|2.ip (see [3]): 

^±[^2pM{y) = i-ir+' iTi)" ^2p,kAy) 

2.3. The Fourier-Bessel transform. In |6j another new integral transform within 
the Clifford analysis setting was devised, the so-called Fourier-Bessel transform 
given by 

_^Bcssci[^j(^) = j^Jj^ j^^ K^'''''\x,y) fix) dV{x). 
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Its integral kernel takes the form 



(2.11) 



K 



Bcsscl / 



fey) = J^ ((-l)"/2 J(^_3^/2(i) + (^A y) J(„,-1)/2W) 



where we use a different normalization as in [B]. 

Note that similar to the Clifford-Fourier kernel, it is parabivector-valued. More- 
over, the basis elements ()2.ip are also eigenfunctions of this transform. The eigen- 
values are however quite a bit more complicated in this case. More precisely, we 
have for k even 

(2.12) ^ '" 



=-^^^^^'[^2p+i,fe,.](y) = {-If I V-sp+i.fc.Hy), 



while for k odd 



Bcsscl 



[VW(y) = (-ir+' 



(fc + m - 3)!! 
fc!! 



'>p2p,kAy) 



(2.13) 



(fc + rn - 2)!! 

J-^'=^^'='[^2p+i,fe,.](y) = (-1)"/' (-1)^ (k + m- 2)11 ^wAvl 



For u odd, u!! denotes the product: u!! — u{u — 2)(u — 4) . . . 5 3 1, while for u even, 
ul\ stands for the product: ull = u{u — 2) ... 6 4 2. 



3. Series approach 
In this section we consider a general kernel of the following form 



(3.1) 
with 



(3.2) 



(x, y) = A{w, z) + (x A y) B{w, z) 



A{w,z) ^^akZ-^Jk+x{z)CAw) 



k=0 

+ 00 



B{w,z) = Y,pkZ-^-'Jk+x{z)Cl+l{w) 



k=l 



and afe,/3fc G C. Here, we have introduced the variables z = |a;||y|, w ~ {^iV) 
{■a — y — & §™~^) and use the notation A = (to — 2)/2. The kernel 

K+{x_,y) is then obtained by the formula K+{x,y) = [K^{x_, —y)Y- 

Note that the convergence of the series in p.2p is never a problem for the coef- 
ficients ak and f3k we will consider. Indeed, we can e.g. estimate 



4- 00 



J2c^kZ-^Jk+xiz)CAw) 



k=0 



where we used the estimate 



-foo 

<2-'J2\ak\ 

+ 00 

<2-'XB{X)Y,\ak\ 

k=0 



-A-fe 



(I) 



Jk+\{z) 



< 



Jk+\{z) 

1 

r(fc + A + l) V2 

1 



(|)V.^HI 



; k 



2A-1 



r(fc + A + 1) 
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which fohows immediately from the integral representation of the Bessel function 
(see [301 (1-71-6)]) and the fact that there exists a constant B{X) such that 



sup 

-1<IU<1 



see [TJ Lemma 4.9]. We conclude that if ak is a fixed rational function of k (as 
will be the case in Theorem 14.21 and 15. 3p . then the series converges absolutely and 
uniformly on compacta because of the ratio test. 
We define the following two integral transforms 

•^±[/Kl) = J^^ K±ix,y) fix) dV{x). 

Now we calculate the action of these transforms on the basis (|2.1I) of S(W"^)®Clo,m- 
We start with the following auxiliary result, which is a generalization of the Bochner 
formulas for the classical Fourier transform. 

Proposition 3.1. Let Mk G Mk be a spherical monogenic of degree k. Let f{x) — 
/o(|a;|) be a real-valued radial function in S{W^). Further, put ^ = s/lsl, t] — y/\y\ 
and r ~ \x\. Then one has 

r"'+''-'fo{r)z-^Jk+x{z)dr 







an 



d 



^_[/(^kM.(s)](,) . ( XTITT"^-^^ + 2ik + i + l) ^^^^ ) ^ '''^^^-^ 



+ 00 

r^'+''fo{r)z-^Jk+i+x{z)dr 

Jo 

with z — r\y\ and A = (m — 2)/2. 

Proof. The proof goes along similar lines as the proof of Theorem 6.4 in ^lOj. □ 

We then have the following theorem. 
Theorem 3.2. One has, putting (3q = 0, 

:f-[^^2j+iM = (xTlTT"'^+^ + 2(a^+\^+ V '+O ^-^y^^'^+'-'^-'^y) 



an 



d 
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Proof. This follows from the explicit expression (|2.ip of the basis and the identity 
(see e.g. [30l exercise 21, p. 371]) 

p+oo 

Jo 

□ 

We are now able to construct the inverse of on the basis {'4'j,k,i}- The 
construction is similar for 

Theorem 3.3. The inverse of J-^ on the basis {^j^k,e} is given by 

with K_ (x, y) — A{w, z) + (x_/\y) B(w, z) given by 

A(w, z)^Y. + h)z-^Jk+x{z)C^{w) 

B{w,z) ^ - Y,-Puz-^-\h+x{z)Cl+l{w), 

k=l 

where 



fx k \/A k + 2X 

Proof. Put K- (x, y) = A{w^ z) + (x A y) B{w^ z) where 
A{w,z) =Y,lkZ-^Jk+x{z)C^{w) 

k=0 
-f oo 

Biw,z) = ^4^"^"Vfc+A(z)C^+i(w;) 

k=l 

and with jk,Sk € C. We need to have that 

Using Theorem 13.21 this condition is equivalent with the system of equations (fc = 
0,1,...) 



A + fc 2(A + fc)'"^V VA + fc 2{X + k) 
X k + 2X ^ \ f X fc + 2A,, ^ 



^A + fc 2(A + fc)'"^V VA + fc 2{X + k) 
Solving this system then yields the statement of the theorem. □ 

Now our aim is to see what restrictions should be put on the coefficients ak and 
/?fe such that J^± satisfies the Clifford-Fourier system: 

:F±[xf] iy)^TiTirdy_[:F^[f] (y)] 

:f± {dAfW [y) - T(T/)"y [/] iy) 
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and more specifically 

(3.4) J-± [{d^-x)[f]] (y) = ±{Tiridy~y) [^^ [/] (y)] 

Now recall that (see [H]) 

^j,kA2D = (d.-xy \Mi'\x) e-^'/' 



We then have, on the one hand, using Theoreni l3.2l 



and on the other hand, using p.4l) 

7"+ [ip2j+i,kj] (y) = [{dx - x)[ip2j^kj]] (y) 

= (-^)™ (dy^y) [^-[i^2,,kA{y)] 

This leads to the following condition on ak and Pk- 

,k + l + 2X \ ^,fc+i A + fc+l f^^ k 

^"fc+i 7, Pk+i = [-1) (-1) — m — ^"fc - oPfc 



A + fc V 2' 

4. New Clifford-Fourier transforms: the case m even 

4.1. Parabivector- valued solutions of the Clifford- Fourier system. The aim 

of this section is to solve the Clifford-Fourier system (|2.6p in even dimension: 

dy[K+{x,y)]^ a K-{x,y) X 
(4.1) - - _ - 

[K+{x,y)]d-^^ayK {x,y) 

with a = (-l)'"/2 and K-{x,y) = K+{x, -y), see (|2J| . 

As the even dimensional Clifford-Fourier transform is real-valued, we look for 
real- valued solutions K'^{x,y). Inspired by the expression (I2.7p . we want to deter- 
mine parabivector- valued solutions of the form: 

K+{x,y)^ f{s,t) + {x/\y) g{s,t) 
K-{x,y) - f{-s,t) -{xAy) g{-s,t) 

with s = {x, y) , t ~ \x A y\ and / and g real- valued functions. 
Taking into account that (see e.g. [Q) 

x{y A x) 

dy[s] — X , dy[t] — — =^ and dy[xA y] — (rn — l)a;, 

we obtain 

dy[K+ [x, y)] = X (9, [/(s, i)] + (m - 1) 5(s, t) + tdt [gi-s, t)]) 
+ xixAy) (ds[gis,t)]-jdt[fis,ty 
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where we have used that {x A y)^ = —t^. The right-hand side of the first equation 
of (|4.ip takes the form 

a (x^y) x~ a f{~s,t) x — a g{—s,t) (xAy) x. 

As 

x{xAy) =x {{x,y) + xjj) = {{x,y) + yx) x = (yAx) x = -{xAy) x, 
we hence arrive at the following system for the functions / and g: 
ds[f{s,t)]+tdt[g{s,t)] + {m-l) g{s,t) = a f{-s,t) 

^^■^^ ds[g{s,t)]-jdt[f{s,t)]=ag{~s,t). 

The second equation of (|4.ip leads to the same system. 

We want to find solutions of the system (|4.2I) which are as close as possible to 
the kernel of the Clifford-Fourier transform given in formula (|2.7p . Therefore, we 
propose to find all solutions of the form 

k k 

f{s,t) = ^s^--'' g{s,t) ^Y.''~' 9j{t) 

3=0 3=0 

with fc S N a parameter. In other words, we want the solution to be polynomial in 
s, but do not prescribe the behavior of the t variable. 
Substituting this Ansatz in the system (|4.2[) yields 

(4.3) {k-j + 1) + {m-l) g,{t) + 1 g'^{t) = a f,{t) 

(4.4) (fc - J- + 1) g,-i{t) - 1 /j(i) = a g,(t), 

for j = 0, . . . , fc and where /_i = = 0. 

Let us first determine /o and go from equations ()4.3M.4p . Decoupling yields the 
following equation for g^ : 

t g'^{t)+m g'o{t)+t go{t)^0 
from which we obtain (we want a solution which is not singular in t = 0) 

9o{t) = Co J{m-i)/2{t), Co e R 

and thus also 

foit) = Co a (-I)'' J(„_3)/2(i)- 
Subsequently, we determine fj and gj ioi j ^ 1,2, . . . , k from equations (|4. 3114. 41) . 
We decouple the system by substituting (|4.4p in the derivative of (|4.3p . yielding 

(4.5) tg'J{t)+m gr{t)+t g,{t) = -{k~j + l){k~j + 2)t g,^2{t) , j = 2,3,...,k. 

As we know go, the above differential equation yields the even g's iteratively. Hereby 
we use the fact that h{t) ~ Jb{t) is a solution of the equation 

th"{t) + m h'{t) + t h{t) (26 - TO + 1) Jb+i{t) 

to determine a particular solution of (|4.5|) . In this way we obtain for < ^ < | the 
following general solution for the even g's (where at each step, we have excluded 
solutions singular in t = 0): 

m - \- 1 r(fc + 1 - 2z) ~ 
g2£[t) - 2^c2i 2£-*(£_ r(fc + 1 - 2e) "'(™-2^-i+2^)/2v*J 
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with C2i G M. 

Next we determine the odd g's. Hereto we look for a differential equation for gi. 
Substituting for j = 1 the derivative of (|4.3p in (|4.4I) leads to 

t g'l{t) + m g[{t) + t g^{t) = a k t g„{t) - k f'^{t) 

^ tg'l{t)+mg[{t)+tgi{t)^0, 

hence we find that gi{t) = c\ J{m~i)/2{t) with ci e M. Now equation (|4.5p yields 
iteratively all odd g's (0 < £ < ■^): 

r , 4^ 1 T{k-2i) ~ 

g2l+l[t) - 2^C2i+l 2t-i{i-i)\ Y(k - 2£) "'(™-2^-l+20/2(^) 

with C2i+i G M. 

Next the /j's follow from equation (|4.3p : 

X J{rn-2(-3+2i)/2it), < ^ < -, C_i = 



i=0 

fc- 1 



X 



>^(m-2^-3+2i)/2(^), 0<^< 



2 

If we change the summation order and renumber the integration coefficients as 
Cj — > Cfe_j, we can summarize the class of solutions we have obtained as follows. 
We have 

K+{x,y) = f{s,t) + ixAy) g{s,t) 

with 

k L^"2^ J 

j{s,t) -- 2_^0, 2^ S -— _ J(,n-2e-3)/2{t) 

+ « E^^ i-^y E^^-" ^ m-ti+i) ^(™---3)/2W 



k 



= E^» 

where is independent of k. The function g is given by 

k LsJ 



^-2t 1 r(z+l) 

1=0 1=0 



g{s,t) = Y,c. E^'"'' ^ r(z + l-2£) '^(™-2.-i)/2W 



E^^ fi'mls,^) 



=0 



with again (7^ independent of k. 
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We want that the Bessel functions in this class of solutions are of order > —1/2. 
Therefore, we will restrict ourselves to the case where k < m — 2. 



4.2. Recursion relations. In this section we put 



(4.6) Kl^^{x,y) = fl{s,t) + fl{s,t) + {xAy)gl^{s,t), i = 0, 1, 2, . . . , m - 2 
with 

gU^.t) = sjl E/-'' ^ r(z + i-2^) ^("-^-D/^W' ^ ^ 0- 



Note that 



• K\_ „ (i = 0, 1, 2, . . . , TO — 2) is the solution with q = and cq = . . . = 

Cj-l = Ci+l = • • ■ = Cm_2 = 0. 

• the Fourier-Bessel kernel (see (|2.11l) ') is obtained for i — 0. Hence we put 

• the even dimensional Clifford- Fourier kernel (see p. 71) ) is obtained, up to 
a minus sign, for i = ^ — 1. Hence we denote K^j^''^ {x,y) — K'^^^{x,y). 

• as m is even, the solution is given in terms of Bessel functions of order i 
with n eN. 

We can arrange all the kernels as in the scheme below. Observe that at each step 
in the dimension, two new kernels appear (i^° „ and K"^^) corresponding to the 
Fourier-Bessel kernel and its inverse (as we will show in Theorem 16. 3p . The other 
kernels at a given step in the dimension {K"^ i = 1, 2, . . . , m — 3) follow from 
the previous dimension to — 2 by a suitable action of a differential operator as is 
explained in the following proposition. The middle line in the diagram corresponds 
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with the ClifFord-Fourier kernel. 

m = 2 m — A m = 6 m = \ 

■ ^ + ,8 

4 z-^d^ 5 

-"■ + ,2 ^ -^^ + ,4 ^ -^^ + ,6 ^ ^ + ,8 

-"- + ,4 ^ -"- + ,6 ^ ^ + ,8 

Proposition 4.1. 

A) For 1 < i < Y ^ ^ (lower half of the triangle in the above scheme) we have the 
following recursion relations : 

(4.7) /™++2(^,i) = ^ z-^dJ:^{s,t) 

(4.8) fr+W^t) = z-'d^f:,,{s,t) 

(4.9) 5^„+i(s,t) = z-^dJ^+Us,t) 

wii/i starting values given by the Fourier-Bessel kernel: 

f L+2i^, t) ^ Z~'d^f^{s,t) 

(4.10) /,U(^.0 = i-ir/'-' fU^{s,t) 

B) For Y < i < rn — 2 (upper half of the triangle in the above scheme) we have 
again the recursion relations \4-. %4.S^ , but now we start from the kernel K(^^^ : 

f::+^{s,t) = ^z-'d^f:;:-\s,t) 

(4.11) f:^+2is,t)^z-'d^r^-'{s,t) 

5m+2(*'0 ^ ^ ^-^ ^ I ^ t^«'/m+2 ^)- 

Here, the notations z — \x\\y\ and w = rj) (x — \x\ y — \y\ rj) are used. Hence 
the transformation formulas s = zw and t = z\J\ — up' hold. 
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Proof. The proof is carried out by induction on the dimension m and is based on 
the properties: 

z''^dw Ja{t) = s Ja+iit) and z^^d^s" = a s"'^ . 



By means of /°j(s, t) = ( — l)™/^ J{m-3)/2{t) and making a distinction between 
m — Ap and m — Ap + 2, it is easy to check that the formulas (|4.10l) are correct. 
Next, let us check (I4.7P for the case i) m ~ Ap+A and i = 2j. We have consecutively 



.2,-2.-2 1 r(2j + 1) ~ 

- - V 2 ^ ' 2^r(2j-2^-l) ^2p+i/2-Ki) 

f¥ , 1 T{2j + 1) ~ 

- V 2 ^ ' 2^ r(2j - 21) -^^P+a/s-^ 

.2,-2. r(2j + 1) ~ 

- - V 2 ^ ' 2^ r(2j-2^+l) ^2p+3/2-£ (t) 

- -y 2 2^r(2j-2^ + i) J^p+m-dt) 

- r(2j + 1) J2p-,+3/2(t) - (2j) J2p+3/2(i) 

_ 2j / >A 2,_2. 1 r(2j + 2) ~ \ 

~27TTIV2^ 2^r(2j-2£+l) "^2p+3/2-Hi)j 



^ 2j + 1 •'^4p+6l«''^J- 

The other cases: ii) m = 4p + 4, i = 2j + 1; iii) m = Ap + 2, i = 2j; iv) m = 4p + 2, 
i = 2j + I are treated similarly. 

The proof of formulas (|4.8p and (|4.9p runs along the same lines. 

The formulas (|4.1ip are an application of (|4.7M.9p . □ 



4.3. Series expansion of K\_ In this subsection we determine the series ex- 
pansion in terms of Bessel functions and Gegenbauer polynomials of the kernels: 

K\^^{x,y) = + L + {xAy) gl,, i = 0, 1, 2, . . . , m - 2. 
Theorem 4.2. The following series expansions hold: 
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Case 1 : i even (i = 0, 2, . . . , m — 4, rn — 2) 



fl{w,z) = -^ (^-2)! 2-/2-2 ^(4^.^ 



(2j + I - 1)!! 

TO 



^-^0 (2j+TO-i-l)!! 

■1"^^ ' > ^ ' \2 ) Z^V-^ 2 / 27-i + TO-3 !! 

(2.7 +«-!)!! 



(2j + TO-i-l)!! 



Case 2 : i odd (i = 1, 3, . . . , to — 5, m — 3) 



/™(-,^) = - (?-2)!2W2-2 f (4,+^-2) (2,+^-2)n 



2 7- ^ ^ (2J+TO-2-2)!! 



(2j + TO-i-2)!! 



^) - (-1)"/^-^ (y - 2) ! 2-/-^ f (2, + f ) + 
.™(-,^)=(y-l)!2™/-^f:(4,+TO + 2) (^^-^^^'^ 



^■^0 (2j+TO-i)!! 



Proof. We prove this theorem by induction on the dimension to. 

For m = 2, the kernel 2 is the Chfford- Fourier transform for which the series 

expansion is derived in |10) . 

Suppose we know the series expansion for all kernels in dimension to — 2 and lower, 
then we prove that we can obtain all series expansions in dimension to. 
The terms g^, i — 1, 2, . . . , m — 3 are easy; they follow immediately by 

action of z~^dw on the terms in dimension to — 2 as is indicated for in the 
diagram below (where we have omitted the factor ^/f )• 
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m=2 m=4 m=6 



5/2 -t OS J3/2 -t- OJi/2 ^ 



SV5/2+6SV3/2+3J 



S J3/2 + Jl/2 ^ S -'5/2 + 3SJ3/2 



•^1/2 ^ SJ3/2 ^ S J5/2 + J3/2 



J3/2 ^ 



■^5/2 ^ 'S>^7/2 

J" 

J7/2 

For example, let us consider the term with i even (i = 2, 4, . . . , m — 4). By 
means of ()4.7p and the already known expansion of /^^2 have that 



1 



(2j + ^-3)!! ,/2+2 J ( . ^m/2-2. A 

(2j+m-z-3)!! ^ '^2,+™/2-2(^) 62, j 



00 

(I _ 2)! 2-/2-2 ^(4,+^_4) 



(2J+Z-3)!! 



(2j + m-i-3)!! 



X J2,+™/2„2(^) C^;LViw) 

= -^ f ^ - 2) ! 2W2-2 y (4 + ^) ^ (2j+^-l)!! /2+, 
V 2 / (2j + m-i- 1)!! 

X J2i+m/2(^) C'^+r^W^), 

where in the third step we have used ^ (C^(u;)) = 2A C^^j^(u'). 

So we only need to find the series expansions of g^, f^^^, fm~^ ^^'^ 9m^^ 
Let us first treat the terms and 17"-^ and afterwards describe the similar pro- 
cedure for /-"^ and 

The kernel g^ can be derived from because 

s 
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We have by using the series expansion of and the Bessel identity (|2.4|) that 



^.^0 (2j+m-l)!! 



= ^ (^-l)! 2^/2-1 Y^i4j+m + 2) 

^ oo 

^2-. (2j+m-l)!! ^ '/2j+m/2W C2^H 



_ 1)! 2W2-1 (2i + 1)!! _ /2 



+ E (2f+r-l)!! ^2,W2-.2(.) <^,h). 



Next, executing the substitution j = j' — 1 in the second term and applying the 
formula p.3p yields the desired result: 



5m - (2j+m- 1)!! '^2j+m/2 (2 j + 1 (wj 

+ L (2,+^_3)!! " '^2,W2WC2AH 

- w ^ (2j+m-l)!! ^ •^2,+m/2(^) 

i=o ^ ^ 

+ 1) ^^"('^(z^) + (2j + m - 1) C^-Z'iCu;)) 



The series expansion for the term ^ follows from the following relation: 



= 5 5,'^"' + (m - 3) 



which can be observed from the diagram with the explicit expressions for (m 
2, 4, 6, 8) and proved by a direct calculation. 
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We now use the already known expansions of and gm^2j combined with 

use of the formula p.3p on the first term and p.2p on the second term, yielding 



s9Z-' + {m-3)9Zzt 

J2j+m/2-l{z) C^/^^\w) 

- (TO - 2^ (2JTT)!! '^2j+m/2-ll^j L'2j-2l^-' 

Consecutively, we execute in the first term the substitution j = j' — 1 and in the 
last term the substitution J = j' + 1, after which we can collect the first term and 
the third one and similarly the second term and the last one. In this way we arrive 
at: 

" (2j+TO^3)!! ™/2+l , , . 



~Vy~ y \^ {2j + ly.l J2j+m/2-l[z) C^j {W) 

I V (2i + m~3)!! „,„/2+i (,) r"'/^(v,)\ 

+ 2^ (2j + 1)!! ^ J2j+m/2+l(^J (-2j J ■ 

Moreover, using the Bessel identity (|2.4p yields the desired series expansion for 
sgZ-' + {m-3) CI2 

/™ 1^1 0W2-I V^/^ ■ , N (2i+TO-3)!! _„/2 T f.^m/2. . 

j=o ^ 

The series expansions of fm '^ and /^^^ are derived in an analogous manner. 
In case of the expansion follows from the observation that 

fa _ _/ 1 \m/2 ?1 

while for /™^^ we must use the formula 

= s f^-' (m - 3) r^zl 
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Finally, the series expansion for /™^^ follows from the one of s^nd fm-2 by 

applying in a similar way as above the relation: 

= ^ ' /™ + {m-2) 

which can again be proven by direct computation. □ 

4.4. Eigenvalues of new class of Clifford-Fourier transforms. We will now 
calculate the action of the new Clifford-Fourier transforms 

n.™[/fe)](y) = 7:r4r7i / /fe) z = 0,l,2,...,m-2 

on the basis {V'i.fe,^}- 

From the previous subsection we observe that the new Clifford-Fourier kernels 
K]^ ,-^ are of the structure (|3.ip . The action of the Clifford-Fourier transforms 
on the basis {V'j.fe.f} can hence be determined by substituting the corresponding 
coefficients ak and Pk in the equations (see p. 31) ): 

(4.12) 

2i-™/2 / ™ - 1 k \ 

:F'+^j(4'2p,kA{y) = yJIE^ (^ la -i + a: ~ 2(^-i + fc) ^^^^^ ^^p^kAy) 

•^+,m[^2p+i,fc,^J(y) Y^I^y V^+^ ^^^^ ^ 2(^ + fc) ^''^^ ) ^ ' ^2p-Hi,fc,Hy)- 
This yields the following result: 

Theorem 4.3. In case of m even, the Clifford- Fourier transforms act as 

follows on the basis {V-'j.fc,^} o/5(M™) (8)CZo,m-' 

Case 1 : i even (i — 0,2, ... ,m — 2). 
a) k: even 

(fc 4_ J 1)11 

h) k: odd 

J-;,™[V'2p+i,fe,.](y) - (-1)"/' (fc-?+^m-2)!! V^2p+i,.,.(y) 

Case 2 : ? odd (i = 1,?,, . . . ,m — h,m — i). 
a) k: even 
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b) k: odd 



(fc + m — i — 3)! 

{k + i-iy.i 

(fc + m — « — 3)! 



Remark 4.4. Putting i = 0, w;e indeed obtain the eigenvalue equations of the 
Fourier-Bessel transform (see 112. and 112. 13\) ). while for i = ^ — 1 the ones of 
the Clifford- Fourier transform appear (see h2.10]) ). 

The result for the Fourier-Bessel transform was obtained in [51 using complicated 
integral identities for special functions. The present method is clearly more general 
and insightful. 

5. New Clifford-Fourier transforms: the case m odd 

5.1. Parabivector-valued solutions of the Clifford-Fourier system. We now 

want to solve the Clifford-Fourier system ()2.6p in odd dimension: 

dy[K'^{x,y)\= la K^{x,y) X 
[K+{x,y)]d^^^IayK-{x,y) 

with a = (-l)(™+i)/2 and where K^{x,y) = {K+{x,-y)Y, see 
We look for parabivector-valued solutions of the form 

i^+fe y) - U{s, t)+I V{s, t) + {xA y) [Z{s, t) + I T{s, t)] 
K-{x,v) = U[-s,t) - / V{^s,t) ~{xAy) [Z{~s,t) - I T{-s,t)] 

with again s = {x,y), t = \x A y\ and [/, V, Z and T real- valued functions, thus 
mimicking the form of the ClifFord-Fourier kernel in formula ()2.7p . 
Rewriting the system (|5.ip in terms of U, V, Z and T yields 

ds[U{s,t)]+tdt[Z{s,t)] + (m - 1) Z{s,t) = a V{~s,t) 

d, [V{s, t)] + tdt [T{s, t)] + {m -l)T{s,t)^a U{~s, t) 

(5-2) ds[Z{s,t)] - \dt[U{s,t)] = a T{~s,t) 

d,[T{s,t)]-ht[V{s,t)]^ a Z{-s,t). 
We are interested in solutions of the system (|5.2I) of the following form 

k k 

u{s, t)^j2 '''' w ' ^) = E '''' w 

J=0 j=0 
k k 

J=0 j=0 

with fc S N a parameter. Using the same techniques as in the case m even, one can 
explicitly determine such solutions. After lengthy computations, one finally arrives 
at the following general solution of the system (15. ip : 

K+ix, y) - U{s, t)+I t) + {xA y) t) + I T{s, t)] 

with 
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k L ^~2~^ J 

k L § J 

i=0 1=0 ■ \ ^ I 



Here, ej e C. 



Remark 5.1. m is odd, i/ie solution is given in terms of Bessel functions of 
integer order n gN. Again we take k <m — 2, to ensure that the Bessel functions 
are of order > 0. 



5.2. Recursion relations. In this section we put 



(5-3) Ki^^{x,y) = ei fl{s,t) + I el fl{s,t) + {xAy) a gl,{s,t), 
i = 0, 1, 2, . . . , m — 2, with 

flr^.t) = - ± .-1-2^ J(_,,_3,/,(i), ,>1 

LiJ 

gUs,t) = E^'"'' ¥i^. r^i + t-2e) ^(rn-2e-l)/2{t), i > 



and ei G C. 

Note that K'^ ^ is the z-th term in the general solution K'^ {x, y) of the previous 
subsection. 
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Similar to the even dimensional case, we can arrange all the kernels in the scheme 
below. 

m = 3 TO = 5 m = 7 m = 9 

^ + ,5 ^ ^ + J ^ ^ + ,9 

1 z 2 7^3 Tf4 
^ + .3 ^ ^ + ,5 ^ ^ + ,7 ^ ^ + ,9 

j^O z-^du, ^1 z-^d^ 2 R-S 
-^^ + ,3 ^ ^ + ,5 ^ -"- + ,7 ^ ^ + ,9 

^ + ,5 ^ ^ + ,7 ^ ^ + ,9 

^ + ,7 ^ ^ + ,9 

^ + ,9 

Observe that at each step in the dimension, two new kernels appear, namely 
„^ and K^^. The other kernels at a given step in the dimension {K^ ^, 
i = l,2,...,m — 3) follow from the previous dimension m — 2 by a suitable action 
of a differential operator as is explained in the following proposition. 
Proposition 5.2. 

A) For 1 < i < "^2^ — 1 (lower half of the triangle in the above scheme) we have 
the following recursion relations : 

f'^U^,t)='-^ z-^d.^fZ{s,t) 



(5.4) r„i+2i',t) ^ z-'d^f:^{s,t) 

5ntf2(*i^) = ^ i ^ I ^ ^^™/m+2('*' ^) 

with starting values given by the kernel : 

fl+2M^z-^d^ft{s,t) 

B) For < i < m — 2 (upper half of the triangle in the above scheme) we have 
again the recursion relations |5.^p , but now we start from the kernel : 



m — 2 
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Proof. The proof is similar to the even dimensional case. □ 

5.3. Series expansion of K^_^ Similar to the even dimensional case, we can 
expand the solutions in series in terms of Bessel functions and Gegenbauer polyno- 
mials. 

Theorem 5.3. The following series expansions hold: 
Case 1 : i even (i = 0, 2, . . . , m — 5, m — 3) 

fmiw,z)^-i2 ' r( — -11 2^(4j+m) 



2 ^ f^o {2j+m-i-l)\\ 

/™(-, z) - (-1)^'"-'/^ r (f - 1) £ (2, + 1 - i) (2^- + * - 



(2j-i + m-3)!! 



- ^.^0 (2j+,7i-z-l)!! 

X z-™/' J2,+™/2(2) G-^^\w) 
Case 2 : i odd (i — 1, 3, . . . , to — 4, m — 2) 

= 2'"/- r(^-i) f:(4, + TO-2) (2, + .-2)n 



^.^0 (2J+TO-Z-2)!! 



z) = -i-i)i--^y^ 2™/-i r (I - 1) f (2, + 1) + 



3=0 

(2j+z)!! 



(2j + TO-i-2)! 



5:„Kz)=2'"/2-ir(|) ^(4j+TO + 2) 



(2j-|-TO-«)!! 



Proof. Similar to the even dimensional case, we prove this theorem by induction 
on the dimension to. Hence, we first prove the property for to = 3. The series 
expansion for the term f!^(s,t) — Jo(t) — Joit), namely 

rO' + i) f.. , 1 



j=o J- \ / 

can be found in [17], section 7.15, formula (3). The series expansion for gg then 
follows from the one of /g by means of 

3° = z-^w-'d^fl 
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Next, the series expansions for f^, and follow respectively by use of the 
formulae 

/3' = -/3°, /3=-^/3 and gl^sgl 
The remaining part of the proof is completely similar to the even dimensional 
case. □ 

5.4. Eigenvalues of new class of Clifford-Fourier transforms. We will now 
calculate the action of the new Clifford-Fourier transforms 

n.m[/fe)](y) - / K^„M,y) fi3l) dV{x), z = 0,l,2,...,m~2 

on the basis {i^j,k,i}- 

From the previous subsection we observe that the new Clifford-Fourier kernels 
K!^^^ in the odd dimensional case are again of the structure (|3.ip . Hence, the action 
of the Clifford-Fourier transforms ^ on the basis {ipj,k,e} can once more be de- 
termined by substituting the corresponding coefficients ak and /3fe in the equations 
(I4l2l) . 

Theorem 5.4. In case of m odd, the Clifford- Fourier transforms J-'\. „ act as 
follows on the basis {ilij^k,i\ ofS{W") ®CZo,m-' 

Case 1 : i even = 0, 2, . . . , m — 5, m — 3j. 

a) k: even 

(k + i - 1)11 

J'l,rn['p2p+i,k,iKy) = (fc + m-i-3)!! ^^^^^ V'2p+l.fe,£(y) 

b) k: odd 

Case 2 : i odd (i — 1,3, . . . ,m — 4,m — 2). 

a) k: even 

b) k: odd 

(fc + i - 1)" 
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Remark 5.5. Note that for i = 0, 1, . . . , m — 3, m — 2 the above eigenvalue equa- 
tions never reduce to the ones of the Clifford- Fourier transform (see i2.10\) ). This 
means that in the odd- dimensional case, the explicit kernel of the Clifford- Fourier 
transform is not expressible as a finite sum of powers of s multiplied with Bessel 
functions in t. 

6. Properties of the new Fourier transforms 

In this section we study some important properties of the integral transforms 
defined by 

n.™ [/(£)] d) = 7:r4r7J / K,mi2i,y) fin) dV{x) 

with kernel K!^ as given in respectively formula (|4.6|) and (|5.3p for respectively 
m even and m odd. 

We start by obtaining estimates for the kernels. 

Lemma 6.1. Let m be even and i = 0, . . . , m — 2. For x,y Cz , there exists a 
constant c such that 

\f}^is,t) + fUs,t)\<c{l + \x\)\l + \y\y, 

\{xjyk - xkyj)gln{s,t)\ < c{l + \x\y {1 + \y\y , j^k. 

Similarly, in case of ni odd and i — Q, . . . ,ni-~2, there exists a constant c such that 
for G K™ 

|e. flAs,t) + / fl{s,t)\ < c(l + \x\ni + \y\y, 
\ixjyk-xkyj) e. gl{s,t)\ < c{l + \x\y {1 + \y\y , j ^ k. 
Proof. This follows immediately using the well-known bounds 

\z~°'Ja{z)\<C, zeR. 

and 

< c, z£R, a>i 
as in the proof of Lemma 5.2 and Theorem 5.3 in [TU]. □ 

As an immediate consequence of Lemma 16. !( we can now specify the domain in 
the definition of the new class of Fourier transforms. Let us define the following 
function spaces, for i — 1, . . . , m — 2, 

B,{R"^) := |/ e Li(M™) : ^^(1 + Wlfiv)] dV{y) < ooj . 

Note that for i = 0, BqCK™) = Li{R^). Then, in the spirit of formulation Fl of 
the ordinary Fourier transform, we have the following theorem. 

Theorem 6.2. The integral transform T\_ „j is well-defined on Bi(W")<^Clo^rn- In 
particular, for f G Bi(R"^) (g) Clo^m, J'\- rnif] ^ continuous function. 

Proof. It follows immediately from Lemma 16.11 that the transform is well-defined 
on BiiW^) (E) Clo,m. The continuity of „[/] follows from the continuity of the 
kernel and the dominated convergence theorem. □ 
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If we restrict the transforms J-\ „j to the space (E)ClQ.m of Schwartz class 

functions taking values in CZo,m, we can formulate a much stronger result. This is 
the subject of the following theorem. 

Theorem 6.3. Let i = 0, . . . , to — 2. The integral transforms J-]^ ^ define contin- 
uous operators mapping 5(18.™) (8) C^o.m to 5(R'") Clo.m- 

When TO is even, the inverse of each transform T\_ „j is given by J^™^'^ i.e. 

-r-i 77m — 2— i -r-m — 2 — i -r-i ■ i 

In particular, when i = (to — 2)/2, the transform reduces to the Clifford- Fourier 
transform, satisfying 

-r-{m-2)/2 -r-(m-2)/2 _ . , 
+,m + ,m — *"5(R'")«iC/o,m 

and the kernel is also given by 

(6.1) <":,;^)/^(.,y) = -e-^^.(e-^<--)). 

Proof. Proving that F\_ „ is a continuous operator on 5(M™) (8)C^o,m is done in the 
same way as in Theorem 6.3 in |10| . so we omit the details. 

In case of to even, using the formulas for the eigenvalues (see Theorem 14. 3p . we 
can observe that 

77'i -nm — 2—i 77)71 — 2— i t:-! ■ i 

+,in-f +,rn — +,m + ,m — ^"■SiR"')«>Cla,m 

when acting on the eigenfunction basis {ipj^k.i} of 5(M™)(g)C^o,m- As both operators 
are continuous, the result follows via Hahn-Banach. 

Formula ()6.1|) was proven in [10]. □ 



In the following theorem we discuss the extension of the transforms to 

L2(K")®C;o,m. 

Theorem 6.4. T/ie transform J-\ extends from 5(R™) ® CZo,m a continuous 
map on L2{W^) (8) C^o.m /or all i < {m - 2)/2, &Mi not for i > {m ~ 2)/2. 

/n particular, only when to is even and i = (to — 2)/2, the transform 
is unitary, i.e. 

Il-^i^j'^^'mil = 11/11 

/or all f €L2{W^)®Clo^„,. 

Proof. The space L2(M'") (SiCZo.m is equipped with the inner product 

(/,5)= / TgdVix) ■ 

.JR" J 

Here, the operator 7 is the main anti-involution on the Clifford algebra CIq m defined 

by 

ah — ha, 'el = —Ci, {i ~ \, . . . , to) 

and |.|o is the projection on the space of 0-vectors CIq The set of functions 'ipj,k,e 
defined in formula (|2.ip is after suitable normalization an orthonormal basis for 
L2(K") (X" Clo,7n, satisfying 

see e.g. [5S]. 
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Now let / G L2(M™) (g) Clo.m have the expansion 

/ = ^ aj,kii>j,k,e. 

J,k,t 

with J, ^ |aj_fe_£p < oo. Then we compute 

iin.n.(/)iP = EKMnA,.Mp 

with Aj,fe,£ the eigenvalues of F\_ as determined in Theorem 14.31 and 15.41 If 
i<{m- 2)/2 then \XjxA < 1 and we have < ||/|| for all /. On the 

other hand, if j > (to — 2)/2 it is easy to construct an / e L2(M'") (g) CZq,™ such 
that m(/)|| > oo, because then the eigenvalues Xj,k.e behave as polynomials in 
k (when to is even) or as rational functions in k with degree nominator > degree 
denominator (when m is odd). 

Only when to is even and i = (to — 2)/2 the eigenvalues have unit norm and the 
transform is hence unitary. □ 

We can now also introduce the transforms J^l „j as 

^-.nUmy) = £^ Kl^mU,y) f{3L) dV{x) 

with Kt_ „j(x, y) = [K]^ misi-i ~y))'^ ■ Then we obtain the following proposition 
Proposition 6.5. Let f G iS(M™) (E) ClQ,m and i = 0, . . . , to — 2. Then one has 

Proof. The first property immediately follows from the first differential equation 
of the kernel (see (|4.ip and (IS.ip ). The second property follows because of partial 
integration, which is allowed as the kernel satisfies polynomial bounds (see Lemma 
I6.ip . and application of the second differential equation of the Clifford- Fourier sys- 
tem. □ 

Acknowledgment 

This paper was written when the first author was visiting researcher at the 
Korteweg-de Vries Institute (University of Amsterdam) , supported by a FWO mo- 
bility allowance. 

References 

[1] S. Ben Sai'd, T. Kobayashi and B. 0rsted, Laguerre semigroup and Dunkl operators. 

arXiv:0907.3749 74 pages. 
[2] F. Brackx, R. Delanghe and F. Sommen, Clifford analysis, vol. 76 of Research Notes in 

Mathematics. Pitman (Advanced Publishing Program), Boston, MA, 1982. 
[3] F. Brackx, N. De Schepper and F. Sommen, The Clifford-Fourier transform. J. Fourier Anal. 

Appl. 11 (2005), 669-681. 
[4] F. Brackx, N. De Schepper and F. Sommen, The two-dimensional Clifford-Fourier transform. 

J. Math. Imaging Vision 26 (2006), 5-18. 
[5] F. Brackx, N. De Schepper and F. Sommen, The Fourier transform in Clifford analysis. 

Advances in Imaging and Electron Physics 156 (2008), 55-203. 



THE CLASS OF CLIFFORD-FOURIER TRANSFORMS 



29 



[6] F. Brackx, N. De Schepper and F. Sommen, The Fourier-Bessel transform. In 18th Interna- 
tional Conference on the Application of Computer Science and Mathematics in Architecture 
and Civil Engineering. K Gurlebeck and C. Konke (eds.), Weimar, Germany, 07-09 July 2009, 
18 pages. Available online at |http://euklid.bauing.uni-weimar.de/ikm2009/paper.php|. 
[7] F. Brackx, N. De Schepper and F. Sommen, The Clifford-Fourier integral kernel in even 

dimensional Euclidean space. J. Math. Anal. Appl. 365 (2010), 718-728. 
[8] T. Billow and G. Sommer, Hypercomplex signals — a novel extension of the analytic signal to 

the multidimensional case. IEEE Trans. Signal Process. 49 (2001), 2844-2852. 
[9] I. Chercdnik and Y. Markov, Hankel transform via double Hecke algebra. Lecture Notes in 
Math. 1804, Springer, Berhn, 2002, pp. 1- 25. 

[10] H. De Bie and Y. Xu, On the Clifford-Fourier transform. Accepted for publication in Int. 
Math. Res. Not. IMRN, (2011). "arXivilOOS. 0689 30 pages, doi: 10.1093/imrn/rnq288. 

[11] M.F.E. de Jeu, The Dunkl transform. Invent. Math. 113 (1993), 147-162. 

[12] R. Delanghe, F. Sommen and V. Soucek, Clifford algebra and spinor-valued functions, vol. 53 
of Mathematics and its Applications. Kluwer Academic Publishers Group, Dordrecht, 1992. 

[13] C. F. Dunkl and Y. Xu, Orthogonal polynomials of several variables, vol. 81 of Encyclopedia 
of Mathematics and its Applications. Cambridge University Press, Cambridge, 2001. 

[14] J. Ebling and G. Scheuermann, Clifford convolution and pattern matching on vector fields. 
In: Proceedings of IEEE Visualization '03, IEEE Computer Society, Los Alamitos, CA, 2003, 
193-200. 

[15] J. Ebling and G. Scheuermann, Clifford Fourier transform on vector fields. IEEE Transactions 
on Visualization and Computer Craphics 11 (2005), 469—479. 

[16] T. Ell and S. Sangwine, Hypercomplex Fourier transforms of color images. IEEE Trans. 
Image Process. 16 (2007), 22-35. 

[17] A. Erdelyi, W. Magnus, F. Oberhettinger and F. G. Tricomi, Higher Transcendental Func- 
tions, Vol. II. Mc Graw-Hill, New York, 1953. 

[18] M. Felsberg, Low-level image processing with the structure multivector. PhD-thesis, Christian- 
Albrechts-Universitat, Kiel, 2002. 

[19] G.B. FoUand, Harmonic analysis in phase space. Annals of Mathematics Studies, 122. Prince- 
ton University Press, Princeton, NJ, 1989. 

[20] R. Howe, The oscillator semigroup. The mathematical heritage of Hermann Weyl (Durham, 
NC, 1987), 61132, Proc. Sympos. Pure Math., 48, Amer. Math. Soc, Providence, RI, 1988. 

[21] T. Kobayashi and G. Mano, Integral formulas for the minimal representation of 0(p, 2). Acta 
Appl. Math. 86 (2005), 103-113. 

[22] T. Kobayashi and G. Mano, The inversion formula and holomorphic extension of the minimal 
representation of the conformal group. Harmonic analysis, group representations, automor- 
phic forms and invariant theory, 151—208, Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. 
Singap., 12, World Sci. Publ., Hackensack, NJ, 2007. 

[23] K. Kou and T. Qian, The Paley- Wiener theorem in R" with the Clifford analysis setting. J. 
Funct. Anal. 189 (2002), 227-241. 

[24] K. Kou and T. Qian, Shannon sampling in the Clifford analysis setting. Z. Anal. Anwendun- 
gen 24 (2005), 853-870. 

[25] C. Li, A. Mcintosh and T. Qian, Clifford algebras, Fourier transforms and singular convolu- 
tion operators on Lipschitz surfaces. Rev. Mat. Iberoamericana 10 (1994), 665-721. 

[26] B. Mawardi and E. M. S. Hitzer, Clifford Fourier transformation and uncertainty principle 
for the Clifford geometric algebra Cl3,o. Adv. Appl. Clifford Algebr. 16 (2006), 41-61. 

[27] M. Rosier, A positive radial product formula for the Dunkl kernel. Trans. Amer. Math. Soc. 
355 (2003), 2413-2438 

[28] F. Sommen, Special functions in Clifford analysis and axial symmetry. J. Math. Anal. Appl. 
130 (1988), 110-133. 

[29] J. Stokman, Diff'erence Fourier transforms for nonreduced root systems. Selecta Math. (N.S.) 
9 (2003), 409-494. 

[30] G. Szego, Orthogonal Polynomials, Amer. Math. Soc. CoUoq. Publ. Vol. 23, Providence, 4th 
edition, 1975. 

[31] L. Yuan, Z. Yu, S. Chen, W. Luo, Y. Wang and G. Lti, CAUSTA: CUff'ord algebra-based 
unified spatio-temporal analysis. Transactions in CIS 14 (2010), 59-83. 

[32] G. N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge University Press, 
Cambridge, England; The Macmillan Company, New York, 1944. 



30 HENDRIK DE BIE, NELE DE SCHEPPER, AND FRANK SOMMEN 

Department of Mathematical Analysis, Ghent University, Krijgslaan 281, 9000 Gent, 
Belgium. 

E-mail address: Hendrik.DeBieaUGeiit.be 

Department of Mathematical Analysis, Ghent University, Krijgslaan 281, 9000 Gent, 
Belgium. 

E-mail address : ndsOcage . ugent . be 

Department of Mathematical Analysis, Ghent University, Krijgslaan 281, 9000 Gent, 
Belgium. 

E-mail address: fsficage. ugent. be 



